
Hamiltonian formulation of 0121 Duality
-

formulating the above duality in terms of a 2ft - d

quantum Hamiltonian is illuminating.

.

As You

will show in psett .
the 3D Old model corresponds

to the following quantum Hamiltonian in 2b :

H =  - t LooseOi - Oj ) t U ?hi -Tf where

Cio )

it is an integer C we can set T
 '  - o )

.

Introduce bond variables o ,

eij on the dual

/•Teh Oil
lattice as Oz2nF=

5×80
-
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One also introduces fields conjugate to en ,
@

y :

[ en , an ] = i = Ley . ay ] . Lamay ]= Een ,egI=O
.



Changing Oi chanson
4 as 4 3

→° ' 2 '
e 23 '

e ' "  '
e " " #-)Since n ; is conjugate to ANdazes

AO ; and eij to Eeij I An 2

⇒ n ; A A iz t Azz target t 0h41 .

C the sign follows from ein Ix FO )
.

Putting in all

the factors . N ;
 = I [ Aiz tazz taza tales ]

2A

⇒ n = I & xa )
2A

Thus
,

the Hamiltonian is

He  - t cos care I t VICINITY

One might naively think that B.I  =P .

[5×-00] = O
It

but since O is a compact variable
,

it allows

for vortices B . =  - I
.

[8×270]
2A

= Nv
.

= vortex density .

Crucially , eij is not an integer ,
its just

A compact variable between 0 to 2T
.



On the other hand ,

aijyzn
has integer  eigenvalues

since it's proportional to a sum of n ; 's .

The above theory already looks like a grease

theory but its not get formulated in twinset

vortices .

To do that,
lets relax the compactness

of e C which relaxes the integer
- valued ness ofE ) :

Zt

expand cos C Zoteij ) →
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with D. e = Nv ,
and tv enforces the

integer valued - mess of I softly .
However

Costa )

It

' is not garage invariant .

Separate a into longitudinal

and transverse components : A = at tail ,

where

DX An = O , D . At= O .

Write Ae ,=-DOu⇒ te ⇐ Iz E #eightIxa
2T

- tv cos

CPO
- at )

VOv
is the phase of the matter - field C = vortex )

.



The grease invariance corresponds to :

Ov
→

Out
2

a → a tax

i a C No E -
Nv )

= I
e

Therefore
,

this is a theory of point - like

particles C =  vortices ) coupled to a non - compact

UCD gueye field . .

Phase - diagram :

-

*# u
photon Higgs
phase phase

= superfluid = Mott insulator
.

( eio > # o Leia > to

In the original variables Cie . O , n ) ,
the

Superfluid phase has a local order - parameter

( eiOil .

In the dual Hamiltonian however ,

the photon phase doesn't have a local

Order parameter .

The Higgs phase doesn't break

- any Sym , so its
' trivial

'
paramagnet .



The above Hamiltonian also makes it transparent

the consequence of condensing pair of vortices

without condensing single vortex .

i. e .
( e

Zi Ov
y to

,
L e'' OV > = o .

The Higgs term is cos C 20 -20hL )

~ cos C2aL )
.

⇒ UCD guage field jest Hisgsed down to

Iz .

-


